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Abstract-The thermal conductivity and dynamic viscosity are assumed to vary with absolute temperature 
according to a simple power law. The density is taken as inversely proportional to absolute temperature 
at constant pressure, while the Prandtl number is assumed constant. The governing equations for laminar 
free convection of gas am changed to dimensionless ordinary equations by similarity transformation. They 
are solved by a shooting method. The numerical calculation results are given along with a detailed 

discussion. 

1. INTRODUCTION 

A WELL-KNOWN analysis of the variable fluid property 
problem for laminar free convection on an isothermal 
vertical flat plate has been presented by Sparrow and 
Gregg [l] with solutions of the boundary layer equa- 
tions for special cases. Brown [2] studied the effect of 
the coefficient of volumetric expansion on laminar 
free convection heat transfer. Gray and Giogini [3] 
discussed the validity of the Boussinesq approxi- 
mation and proposed a method for analysing natural 
convection flows with fluid properties assumed to 
be linear functions of temperature and pressure. 
Clausing and Kempka [4] reported their experimen- 
tal study of the influence of property variations on 
natural convection and concluded that, for the 
laminar region, Nu/will be a function of Ru/( = Gr,Pr,) 
only with reference temperature, T/, taken as the aver- 
age temperature in the boundary layer. The instability 
of laminar free convection flow and transition to a 
turbulent state had been studied by Gebhart [5] and 
summarized in a textbook by Eckert and Drake [6]. 

The present work treats the viscosity and thermal 
conductivity as p z TItr and i. z T”i, respectively. The 
density is taken as inversely proportional to the absol- 
ute temperature, while the specific heat at constant 
pressure, c,, and the Prandtl number, Pr, are both 
assumed constant for anaiysing laminar free con- 
vection of gas. 

2. BASIC CONSIDERATIONS OF THE 

VARIABLE PROPERTIES 

The thermodynamic temperature of the gas far 
away from the wall, T,, can be taken as the reference 

temperature, r,, for free convection analysis. So we 
assume 

pciL&c = (T/T,)“u (1) 

;/;., = (T/T,)“. (2) 

while the change of density with thermodynamic tem- 
perature at constant pressure can be expressed as 

P/P, = (TIT,)-’ (3) 

or 

v/v, = (T/T,)“*+‘. (4) 

According to the summarized experimental values 
of p and E. for several monoatomic and diatomic gases, 
and also for air and water vapour, reported in Hisen- 
rath et al. [7], nr and ni values are given in Table 1. 
The percentage deviations for predicted values of p/p0 
and ,i/i., from equations (1) and (2) are shown in 
Figs. 1-5. 

The Prandtl number is defined as Pr = pq,/;.. 

Strictly speaking, Pr should also depend on tem- 
perature. However, it is well known that Pr o 0.72 
for diatomic gases, and Pr 2 0.7 for air. Hence, Pr 

can be taken as a constant for a given gas in the 
temperature range from T, to T,. Therefore, if we 
assume 

then 

“5 = ni -I$. (6) 

It can be found from Table 1 that the values of ne, 

are much lower than 0.1 for monoatomic gases, and 
around 0.1-0.16 for diatomic gases, air and water 
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diffusivity [m’ s- ‘1 W,r, W,. dimensionless velocity component in 
specific heat at constant pressure the x- and _r-directions, respectively. 
[J kg-’ K-‘1 
gravitational acceleration [m s- ‘1 
local Grashof number. 

Greek symbols 

g.u’(T,;‘T,- 1)/v’, a, local heat transfer coefficient 

temperature exponents for thermal 
[w me2 K-‘1 

conductivity of gas 
b boundary layer thickness [ml 

temperature exponent for dynamic 
B dimensionless temperature. 

viscosity of gas (T-T,)itT,--T,) 

local Nusselt number, X,X/E. 
A thermal conductivity [W m- ’ K- ‘1 

pressure [N m- 2] F absolute viscosity [kg m- ’ s- ‘1 

Prandtl number, /icp/i 
V kinematic viscosity. /l/p [m’ s- ‘1 

local heat transfer rate per unit area P density [kg m-‘I. 

from wall to fluid [w m- ‘1 
absolute temperature [K] Subscripts 
velocity component in the X- and y- W at wall 

directions, respectively [m s- ‘1 Cc far from the wall surface. 

-5 

0 1 2 3 4 5 
r/ r, 

FIG. I. Deviation of predicted values of /A and i. for air: (1) for evaluation of p with nr ; (2) for e\ aluation 
of A with n, ; (3) for evaluation of p with n,; (4) for evaluation of i with n,. 

0 1.5 2.0 2.5 30 
T/T, 

FIG. 2. Deviation of predicted values of p and i for water vapour : (1) for p evaluated with n, : (2) for i 
evaluated with n,; (3) for )J evaluated with n, ; (4) for i. evaluated with nr,. 
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vapour. For the case l/2 < (T/T,) < 2, it is possible 
to treat cP as a constant value, so as to simplify the 
analysis but still suit the needs for engineering appli- 
cation. 

With Pr and c, both assumed constant, p/j. = con- 
stant, and therefore it is logical, for diatomic gases, 
air and water vapour, to take some mean value of n, 
and ni as n,,, such that n,, e nti zz n,. We try to express 
the parameter nPi by a weight sum of n,, and n, as 

n,, = 0.45n, +0.55n,. (7) 

The deviations for evaluation of p and i with n,, for 
diatomic gases, air and water vapour are listed in 
Table 1 and also plotted in Figs. 1-4. 

3. GOVERNING EQUATIONS 

The analytical model and coordinating system used 
for free convection of gas on an isothermal vertical 
flat plate is shown in Fig. 6. The boundary layer is 
laminar when Ra( = Gr Pr) is less than IO’ [6]. 

The conservation equations for mass, momentum 
and energy of steady laminar flow in the boundary 
layer for vertical gas free convection are as follows : 

The boundary conditions are 

y = 0, )1’, = 0, ,1:, = 0, T= T, (11) 

y-+=7 tvx +O, T-, T,. (I’) 

The partial differential equations (8)-( IO) can be 
transformed to the corresponding dimensionless ordi- 
nary differential equations by the following similarity 
transformations 

I’ (Gr,,)’ ’ q=- 
x J2 

T- T, 
O=-----. 

Tw-T, 

(13) 

(14) 

The velocity components ~7.~ and M;, can be ex- 
pressed in terms of the dimensionless variables as 

w, = [2,/(g.r)( TJT, - I) “‘I - ‘w, (15) 

wy = [2J(sx)(T,/T,-I)‘~*(!Gr,,)-“]-‘\~,. (16) 

Then, equations (8)-(10) are transformed to dimen- 
sionless ordinary differential equations as follous : 

2W,-,T +43 
> 

-; $(9~‘.-41~.,) = 0 

(17) 
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FIG. 3. Deviation of predicted values of p and E. for O?: (1) for ii evaluated with n,; (2) for i. evaluated 
with n, : (3) for jt evaluated with n,, : (4) for i evaluated with n,, 
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FIG. 4. Deviation of predicted values of p and i. for Hz : (1) for evaluation of p with n,; (2) for evaluation 
of i. with n,.; (3) for evaluation of p with n,,; (4) for evaluation of I with n,,*. 
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FIG. 5. Deviation of predicted values of p and i. for He : (1) for Jo evaluated with ne; (2) for L evaluated 
with n,. 
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FIG. 6. Physical model coordinate system. 

with boundary conditions 

tl = 0, w, =o, w, =o, tI= 1 (20) 

tl +O, w,+o, e+o. (21) 

From equations (l)-(4) combined with equation 
(14), we have 

1 dp VwP, - 1) de/+ --= - 
P drl (Tw/T, - l)e+ 1 

1 + n,VwIT, - 1) Wdtl --= 
p dtl (TJT, - l)e+ 1 

I dl n,(T,lT, - 1) de/dtl --= 
i. dq (TJT, - 1)0+ 1 

(22) 

(23) 

(24) 

? = [(TJT, - I)@+ I]-“‘~+“. (25) 

As a modification for diatomic gases, air and water 
vapour, np and ni can be replaced by n,,l from equa- 
tion (7). 

4. HEAT TRANSFER ANALYSIS 

The local heat transfer rate per unit area from the 
surface of the plate to the gas can be calculated by 
Fourier’s law as 

. di- 
4x = -Au.yv_o 

or 

qx = -j7(Tx-T,)(!GT,.,)‘i4,K-‘de 
drl q-o 

The local Nusselt number, defined as 

Nn,_ = y = qXx 
A, L,(T,- T,) 

(26) 

will be 

Nux,, = - tp,,,‘;‘; . (27) 
‘I-0 

From equation (2), we have 

It is obvious that the velocity and temperature fields 
can be solved from the governing ordinary differential 
equations (17~(19) with boundary conditions, equa- 
tions (20) and (21), combined with equations (22)- 
(25), and so we can obtain the Nu,, value from 
equation (28). It is expected that, for the case of con- 
stant properties, the dimensionless velocity field W, 
and the dimensionless temperature field 0 will be func- 
tions of Pr only, but for the case of variable properties, 
both the dimensionless velocity field and the dimen- 
sionless temperature field will depend not only on Pr 
but also on n,,, ni and (TJT,). 

The calculations were carried out numerically by 
the shooting method of ref. (91. The typical results for 
the velocity and temperature field are plotted in Figs. 
7-10. It was found from the numerical calculations 
that, even for the diatomic gases, air and water 
vapour, the modification with n, and n, replaced by 
n,,* are unnecessary, because the numerical results 
obtained either with the actual n,, and n, or with the 
modified npi are almost the same. 

Using the curve matching method, we have 

- ;l,_o = wr,(g-” (29) 

tj~(Pr) = 0.567+0.186 In Pr (30) 

m = 0.64n, + 0.36 = 0.35ni +0.29n, +0.36 

for T,JT, > 1 (31) 

m = 0.76nti+0.24 = 0.42ni+0.34n,+0.24 

for T,JT, < 1. (32) 

Hence, equation (28) can be rewritten as 

Nux. x (33) 

The predicted results of equation (29) are compared 
with those of the numerical solution from equations 
(17)-(25) as shown in Table 2. The agreement is quite 
good. 

5. DISCUSSION 

For the special case T,/T, -+ 1, equation (33) can 
be simplified to 

, v . u, I = m(Gr.x *)‘I4 
J2 . ’ 

(34) 

This corresponds to the classical solution with 
Boussinesq’s approximation in ref. [IO]. 



1392 

0.35 

a30 

0.26 

0.20 

w= 

O.lS 

o.to 

0.06 

0 

DE-Yt SHASG and Bc-XCAS WAXG 

. . . . . . . . . . . . .._.._....... I . . . . . . . . . . . . . . . . . .._......................................”............. ” . . . . . ...” . . . . . . . . . . . . . . . . . . . . . . . . . . ...” . 

_“_. . . . . . . . . “.._ . ..” “_ ......I.“.“...... ““.__ . . . . - .“...,” . . . . . . . ..“............” 

__.... . . . . . .._.......... .._........__._.._. . . . . . . . . . . . . . . . . . . . . . . . . I . . . . ..I... 

. . . . . . . . . . 1 . . . .._. __..._........ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .._..__......,.......................... ~ . . . . . . . . . 

2 4 6 6 
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(Pr = 0.622, n, * 11, 5 n,;); f-+, x-x. 0: (Pr = 0.733. n,, = 0.79); *-*. 0-4, water vapour 

(Pr = 1, ?zP, = 1.12). 
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FIG. 8. Comparison of temperature profiles for free comectlon of different gases: e-a, c]--a, Ar 
(Pr = 0.622, n, 5 tt,, 5 nPL , ) +--f . X - x , Oz (Pr = 0.733. nP, = 0.79) ; *-*. O-0, water vapour 
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FIG. 9. Comparison of velocity profiles for free convection of air (Pr = 0.7. n,, = 0.79) wth different 

T..iT,. 
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0 2 4 6 

r) 

FIG. 10. Comparison of temperature profiles for free convection of air (Pr = 0.7 and nPA = 4.79) with 
different TJT,. 

For gases with n,, = nl = 1, m + 1 from both equa- and so 
tions (31) and (32). and so the exponent of T,,,/T, in 
equation (33), @I~-m), comes to zero. Then, N% (v NK~. r 

Nu,.,/(Gr,,) “4 will be the same for different 
IJ = (Gr,,)“.’ (Gr,.,) 

(TJT,) values, and equation (34) holds true. or, from equation (33) 
Introducing 

NK., = a,x/l, NC<, W . (35) 

and 
For the cases of either T,JT, + 1 or nr = ni = 1, 

Gr,., = gx3(Tw/Tm -1)/v; equation (35) is simplified to the form 

we have 
N%U (36) 

N%.W = Nu,.,(L/L) 

= y (Gr,,,) 114. 

The calculated results from equation (36) for 
(Gr,,)“4 = (Gr,~,)“4(v,/vw)“2 the supposed gases A, B and C agree very well with 

Table 2. Calculated results of - (de/dq)l,, ,, : (1) the numerical solution of governing equations; (2) from equation (29) with 
(31) ; and (3) from equation (30) with (32) 

TWIT, 

Ar H2 Air N2 co 02 Water vapour 
Pr = 0.622 Pr = 0.68 Pr = 0.7 Pr = 0.71 Pr = 0.72 Pr = 0.733 Pr = 1 
np = 0.72 flp = 0.68 nr = 0.68 n,, = 0.67 PIP = 0.71 np = 0.694 np = 1.04 
n, = 0.73 ni = 0.8 n, = 0.81 ni = 0.76 n, = 0.83 n, = 0.86 ni = 1.185 

3 

512 

2 

312 

514 

314 

112 

l/3 

(1) 
(2) 

(1) 
(2) 

(1) 
(2) 

(1) 
(2) 

i:; 

ix 
(1) 
(3) 

(1) 
(3) 

0.1940 0.1974 0.1987 0.2043 0.1973 0.1973 0.1738 
0.1935 0.1975 0.1988 0.2044 0.1975 0.1975 0.1738 

0.2256 0.2300 0.2316 0.2374 0.2306 0.2307 0.2110 
0.2249 0.2300 0.2318 0.2374 0.2308 0.231 I 0.2115 

0.2714 0.2772 0.2794 0.2852 0.2792 0.2796 0.2679 
0.2703 0.2772 0.2796 0.2850 0.2794 0.2801 0.2689 

0.3438 0.3526 0.3557 0.3609 0.3570 0.3582 0.3651 
0.3427 0.3521 0.3561 0.3609 0.3575 0.3590 0.3665 

0.3990 0.4105 0.4144 0.4188 0.4172 0.4193 0.4448 
0.3983 0.4109 0.4151 0.4191 0.4179 0.4201 0.4459 

0.6035 0.6276 0.6351 0.6336 0.6446 0.6507 0.7775 
0.6011 0.6247 0.6333 0.6312 0.6423 0.6479 0.7761 

0.8344 0.8774 0.8898 0.8776 0.9093 0.9225 1.2181 
0.8285 0.8666 0.8786 0.8684 0.8993 0.9098 1.2081 

1.1492 I .224-l 1.2448 1.2124 1.2812 1.3075 1.9188 
1.1419 1.2022 1.2209 1.1949 1.2591 1.2774 1.8805 



Ta
bl

e 
3.

 T
he

 
co

m
pa

ris
on

 
be

tw
ee

n 
th

e 
cu

lc
ul

;lt
ed

 
re

su
lts

 
fro

m
 

eq
ua

tio
n 

(3
5)

 
an

d 
th

cs
c 

qu
ot

aI
 

fro
m

 
re

f. 
[I]

 

G
as

 
T

JT
 

Fr
om

 
eq

ua
lio

n 
(3

5)
 

Gi
lS
 

A
 [

I] 
3 

P
r 

=
 0

.7
 

51
2 

n,
 =

 
lIr

 =
 

31
4 

2 31
2 

31
4 

l/2
 

11
3 

G
as

 
B 

[I]
 

3 
P

r 
=

 0
.7

 
51

2 
n,

 =
 

tr
p 

= 
21

3 
2 31

2 
31

4 
l/2

 
l/3

 

G
as

 
c 

[I]
 

3 
P

r 
=

 0
.7

 
51

2 
“A

 
=

 
up

 =
 

I 
2 31

2 

0.
36

8 
0.

36
6 

0.
36

3 
0.

35
9 

0.
34

8 
0.

34
0 

0.
33

2 

0.
37

3 
0.

36
9 

0.
36

6 
0.

36
1 

0.
34

6 
0.

33
6 

0.
32

5 

0.
35

4 
0.

35
4 

0.
35

4 
0.

35
4 

0.
35

4 
0.

35
4 

0.
35

4 

_.
__

_ 
Re

f. 
[I]

 

0.
36

8 
0.

36
6 

0.
36

3 

0.
34

8 
0.

33
9 

0.
33

0 

0.
37

3 

- - 

0.
35

3 
0.

35
3 

0.
35

3 
0.

35
3 

0.
35

3 
0.

35
3 

0.
35

3 

Ta
bl

e 
4.

 N
u,

/(G
r,)

 
‘j4

 f
or

 
fre

e 
co

nv
ec

tio
n 

of
 g

as
 o

n 
a 

ve
rti

ca
l 

is
ot

he
rm

al
 

fla
t 

pl
at

e 

T
w

IT
, 

M
r,,

,/(
G

r,,
,)“

’ 
3 S/

2 
2 31

2 
xl

 

31
4 

l/2
 

l/3
 

~r
kJ

(G
r,.

J”
4 

3 51
2 

2 31
2 

%
I 

31
4 

l/2
 

l/3
 

Ar
 

Ii*
 

Ai
r 

N
2 

C
O

 
02

 
P

r 
=

 0
.6

22
 

Pr
 

= 
0.

68
 

P
r 

=
 0

.7
 

Pr
 

= 
0.

71
 

Pr
 

= 
0.

72
 

Pr
 

= 
0.

73
3 

,I,
, 

= 
0.

72
 

tr
,, 

= 
0.

68
 

r~
,, =

 
0.

68
 

,r,
, =

 
0.

67
 

I$
 

= 
0.

7 
I 

n,
, 

= 
0.

69
4 

Ill
 =

 
0.

73
 

n2
 =

 
0.

80
 

,1
1 

= 
0.

8 
I 

,I~
 =

 
0.

76
 

nl
 =

 
0.

83
 

,I~
 =

 
0.

86
 

0.
30

6 
0.

33
6 

0.
34

2 
0.

33
3 

0.
34

8 
0.

35
9 

0.
31

 I
 

0.
33

8 
0.

34
4 

0.
33

7 
0.

34
9 

0.
35

9 
0.

31
9 

0.
34

1 
0.

34
7 

0.
34

1 
0.

35
2 

0.
35

9 
0.

32
6 

0.
34

5 
0.

35
0 

0.
34

7 
0.

35
4 

0.
35

9 
0.

33
9 

0.
35

0 
0.

35
4 

0.
35

6 
0.

35
8 

0.
36

0 
0.

34
5 

0.
35

1 
0.

35
5 

0.
35

9 
0.

35
8 

0.
35

8 
0.

35
4 

0.
35

2 
0.

35
7 

0.
36

3 
0.

35
9 

0.
35

4 
0.

36
3 

0.
35

3 
0.

35
9 

0.
36

7 
0.

35
9 

0.
35

1 

0.
35

3 
0.

35
1 

0.
35

4 
0.

36
2 

0.
35

8 
0.

35
4 

0.
35

0 
0.

35
1 

0.
35

4 
0.

36
1 

0.
35

8 
0.

35
5 

0.
34

7 
0.

35
1 

0.
35

4 
0.

36
0 

0.
35

8 
0.

35
6 

0.
34

4 
0.

35
0 

0.
35

4 
0.

35
8 

0.
35

8 
0.

35
8 

0.
33

9 
0.

35
0 

0.
35

4 
0.

35
6 

0.
35

8 
0.

36
0 

0.
33

2 
0.

34
7 

0.
35

 
I 

0.
35

 I
 

0.
35

5 
0.

35
9 

0.
32

3 
0.

34
2 

0.
34

7 
0.

34
4 

0.
35

2 
0.

35
8 

0.
31

4 
0.

33
8 

0.
34

3 
0.

33
8 

0.
34

8 
0.

35
6 

W
at

er
 

va
po

ur
 

P
r 

=
 

I 
)),

 =
 

1.
04

 
H

i 
= 

I.1
85

 
4 2 

0.
45

2 
0.

44
3 

? 
0.

43
2 

$ 

0.
41

9 
6 

0.
40

1 
a 

0.
39

0 

0.
37

6 

? 

0.
36

2 
C > z 

0.
37

7 
0.

38
1 

7 
0.

38
6 

k 
0.

39
2 

- 
0.

40
 
I 

0.
40

9 
0.

42
 

I 
0.

43
4 



Lanunar free convection of gas 1395 

those reported in ref. [1], as shown in Table 3. 

&,,/tGr,.,)“4 and NuJ(Gr,.,) Ii4 for various 
gases at different values of T,,./T, have been calculated 
according to equations (33)-(36) respectively and are 
summarized in Table 4. 

6. CONCLUSION 

The following points may be concluded from the 
discussion. 

(1) The method proposed for analysing the laminar 
free convection of monoatomic and diatomic gases, 
air and water vapour along vertical isothermal flat 
plates with considerations of variable fluid properties 
can yield reliable results. 

(2) The analysis presented here extends the former 
ones reported in the literature by Sparrow and Gregg 
[1], Brown [2] and Gray and Giogini [3]. 

(3) The well-known relations, equations (34) and 
(36), hold true not only for the case TJT, + 1 such 
that the Boussinesq approximation applies, but also 
for the gases with np = n, = 1. 
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EFFET DE LA VARIATION DES PROPRIETES THERMOPHYSIQUES SUR LA 
CONVECTION LAMINAIRE NATURELLE DES GAZ 

R&sum&La conductiviti thermique et la viscositk dynamique sont supposCes varier en fonction de la 
temp&ratureabsolue suivant uneloipuissance simple,la massevolumiqueest inversementproportionnelle 
g la tempkature absolue pour une pression constante et le nombre de Prandtl est constant. Les tquations 
de la convection laminaire naturelle sont transform&es en tquations diff&entielles adimensionnelles par 
des hypoth&ses de similitude. Elles sont tisolues par une methode de tir. Les resultats numeriques sont 

donnts et discutb. 

DER EINFLUSS VARIABLER THERMOPHYSIKALISCHER EIGENSCHAFTEN AUF DIE 
LAMINARE FREIE KONVEKTION EINES GASES 

ZusPnuwnfassung-Es wird angenommen, daD die WHrmeleitEihigkeit und die dynamische Viskositlt sich 
entsprechend einem einfachen Potenzgesetz mit der absoluten Temperatur Indem, die Dichte hHngt bei 
konstantem Druck umgekehrt proportional von der absoluten Temperatur ab, wlhrend die Prandtl-Zahl 
konstant ist. Die Grundgleichungen tiir die laminare freie Konvektion eines Gases werden mit Hilfe einer 
jihnlichkeitstransformation in dimensionslose gewiihnliche Gleichungen iiberffihrt. Sie werden mit Hilfe 
eines “shooting”-Verfahrens gel&t. Die Ergebnisse der numerischen Berechnung werden zusammen mit 

einer eingehenden Diskussion mitgeteilt. 

BJIMIlHME I-IEPEMEHHbIX TElIJIO@ki3M9ECKMX CBOftCI-B HA CBOSOAHYIO 
KOHBEKqMIO I-IPM JIAMMHAPHOM TEgEHMM rA3A 

Aflpennonaracrca, sT0 rennoposopulocrb i4 mniaMHSectran nm~omb 3a8ucfl OT a6comcrr- 
Hoii~e~ne~a~~~blCOrnacHonPOCroMy crrenefi~or4y3aKoriy.llpHkwr0,~To np~ UOCTOKHHOM~~~~~HHA 

nnomomb 06pa~~o nponopuxoHanbHa a6comoTwol Tehmepaqpe, a =mc.io lIpawma xie mkfetinexx. 
ch’l~WUUOIlWe ypaBHeHHSi Iulll CBO6OJlHO~ KOHBCKWH HpH JIaMHHapHOM TC'ICHHA ra3a MCTOILOM 

QCO6pa30B~SUl UOAO6HK CBOJWTCK I( O6btKHOBCHHUM 623pBStCpHblM ItH@CpCHIXJiUIbHbIM ypaK.He- 

HHKMA pCUIaWl-CK M~~o~ObfnpHcrpurKH. Hapany Cpe3yJlbTaTaMH~HClleHHOrO~CWTanpHBO~TC~~ 
WZUIbHbtfiaHWlH3. 


