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Abstract—The thermal conductivity and dynamic viscosity are assumed to vary with absolute temperature

according to a simple power law. The density is taken as inversely proportional to absolute temperature

at constant pressure, while the Prandtl number is assumed constant. The governing equations for laminar

free convection of gas are changed to dimensionless ordinary equations by similarity transformation. They

are solved by a shooting method. The numerical calculation results are given along with a detailed
discussion.

1. INTRODUCTION

A WELL-KNOWN analysis of the variable fluid property
problem for laminar free convection on an isothermal
vertical flat plate has been presented by Sparrow and
Gregg [1] with solutions of the boundary layer equa-
tions for special cases. Brown [2] studied the effect of
the coefficient of volumetric expansion on laminar
free convection heat transfer. Gray and Giogini [3]
discussed the validity of the Boussinesq approxi-
mation and proposed a method for analysing natural
convection flows with fluid properties assumed to
be linear functions of temperature and pressure.
Clausing and Kempka [4] reported their experimen-
tal study of the influence of property variations on
natural convection and concluded that, for the
laminar region, Nu,will be a function of Ra{(= Gr Pry)
only with reference temperature, T, taken as the aver-
age temperature in the boundary layer. The instability
of laminar free convection flow and transition to a
turbulent state had been studied by Gebhart [5] and
summarized in a textbook by Eckert and Drake [6].

The present work treats the viscosity and thermal
conductivity as 4 & T and 4 = T", respectively. The
density is taken as inversely proportional to the absol-
ute temperature, while the specific heat at constant
pressure, ¢,, and the Prandtl number, Pr, are both
assumed constant for analysing laminar free con-
vection of gas.

2. BASIC CONSIDERATIONS OF THE
VARIABLE PROPERTIES

The thermodynamic temperature of the gas far
away from the wall, T, can be taken as the reference

temperature, Ty, for free convection analysis. So we
assume

”//‘:c = (T/Tx)"" (l)
#re = (T[T)™ @

while the change of density with thermodynamic tem-
perature at constant pressure can be expressed as

plpe =(T|T.)™! 3
or
vive = (T/T )" 4

According to the summarized experimental values
of uand 4 for several monoatomic and diatomic gases,
and also for air and water vapour, reported in Hisen-
rath et al. [7], n, and n; values are given in Table 1.
The percentage deviations for predicted values of u/u.,
and i/i, from equations (1) and (2) are shown in
Figs. 1-5.

The Prandtl number is defined as Pr = uc,/A.
Strictly speaking, Pr should also depend on tem-
perature. However, it is well known that Pr = 0.72
for diatomic gases, and Pr = 0.7 for air. Hence, Pr
can be taken as a constant for a given gas in the
temperature range from T, to T.. Therefore, if we
assume

CplCpe = (T|TL)™ &)

then
n, =n,—n,. (6)
It can be found from Table 1 that the values of n,

are much lower than 0.1 for monoatomic gases, and
around 0.1-0.16 for diatomic gases, air and water
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NOMENCLATURE

a diffusivity [m? s~} W., W, dimensionless velocity component in
¢, specific heat at constant pressure the x- and y-directions, respectively.

kg™ K]

. . . -2

g gravitational acceleration [m s~ ?] Greek symbols
Gre iocal Grashof number, h f Fici

GX T T, —1)/v? o, local ealt(trﬁl]ns er coefficient

- wid o x -2 -
2 [W m
i Zf)nr:gle;:::g Z};pg()at;ents for thermal ) boundary layer thickness [m]
. i i ture.

n, temperature exponent for dynamic 0 ?;nfr}su;::]]e—ss_te? ;;era ure

viscosity of gas ) w /e e
Nu local Nissel% number, x .x/4A 4 thermal conductivity (W m™" K™']

N pressure [N m 2] R u absolute viscosity [kgm~"'s™"]
‘I;,r Prandtl number, uc, / v kinematic visco§ity. wip [m7s™']
s Hepl s . B

q. local heat transfer rate per unit area p density (kg m™}.

from wall to fluid {W m™3]
T absolute temperature [K] Subscripts
w,,w,  velocity component in the x- and y- w at wall

directions, respectively [m s~ '] © far from the wall surface.
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FiG. 1. Deviation of predicted values of u and 4 for air: (1) for evaluation of u with n,; (2) for evaluation
of 4 with n,; (3) for evaluation of u with n,; (4) for evaluation of % with n,.
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FiG. 2. Deviation of predicted values of u and 4 for water vapour: (1) for u evaluated with n,: (2) for /4
evaluated with n, ; (3) for u evaluated with n,,; (4) for 4 evaluated with n,,.




for A
+6.5
+5
14
+7
+6
+6
+4

Deviation (%)

+6.5
+5
+3
+5.5
+5
+6
+3.5

for u

(K)
210-1500

range
380-800
210-600
200-1000
180-700

200600

Temperature
200-850

R
0.75
1.12
0.78
0.79
0.75
0.726

£2.5

Deviation

(%)
+0.3
+2

+3

+2

+1

+4

range
(K)
220-1000

380-800
210-1500

220-600

220-1200

220-600

Temperature
220-700

n;
0.81
1.185
0.83
0.76
0.86
0.8
0.73

(%)
+3
+4
+2
+3
12
+2
+3

Deviation

(K)

range
220-1400
3801500
230-1500
220-1500
230-2000

80-1000
220-1500

Temperature

Table 1. The value of parameters n,,, n, and n,, from experimental data of g and A with devaation

0.68
1.04
0.71
0.67
0.694
0.68
0.72

Data source
Y

Ty
(K)
273
380
273
273
273
273
273

Gas

Water vapour

Air
N,
0,
H,
Ar
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vapour. For the case 1/2 < (T/T,) < 2. it is possible
- o to treat c, as a constant value, so as to simplify the
+H analysis but still suit the needs for engineering appli-
cation.
With Pr and ¢, both assumed constant, u// = con-
% stant, and therefore it is logical, for diatomic gases,
air and water vapour, to take some mean value of n,
and n; asn,,;, such thatn, ~ n,; ~ n,. We try to express
the parameter n,; by a weight sum of n, and »; as
oy o
&~
z ¥ n,; = 0.45n,+0.55n,. )
S& The deviations for evaluation of u and 4 with n,, for
diatomic gases, air and water vapour are listed in
Table 1 and also plotted in Figs. 1-4.
=&
i 3. GOVERNING EQUATIONS
The analytical model and coordinating system used
Q9 for free convection of gas on an isothermal vertical
+H flat plate is shown in Fig. 6. The boundary laver is
laminar when Ra(=Gr Pr) is less than 10° [6].
The conservation equations for mass, momentum
and energy of steady laminar flow in the boundary
- layer for vertical gas free convection are as follows:
~ e~
53 A
(l:](.:( —a;(p“"r)‘*- gj(p““) =0 (8)
ow, + ow, ¢ [ ow, + -7, 9
Ww,o— 4w — == <
" P\ " ox T ay cy # ay <4 T, )
INES
e éT  eT\ ¢é{.éT
pelw. = +w, o~ )= A —]. (10)
Cx &y o\ éy
D The boundary conditions are
+ +H
y=0, w. =0, w,=0 T=T, (1t
y-ox, w,>0 T-T,. (12)
The partial differential equations (8)—(10) can be
5 5 transformed to the corresponding dimensionless ordi-
:’ pl nary differential equations by the following similarity
N transformations
_y@Gr )t ,
& "= X \/2 (3)
€3
f=— 14
T.-T. (14)
The velocity components w, and w, can be ex-
= pressed in terms of the dimensionless variables as
We=[2\/(g0(T./T = 1)) w, (13)
W, = RY(gN(T/To = D" (4Gr. )~ 17 . (16)
s
o e Then, equations (8)—(10) are transformed to dimen-
sionless ordinary differential equations as follows:
dw. dw, 1 dp
QW — “+4—">——— W.—4l1)=0
( gy dn p dn (n
0 O
ZZ | (a7
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F1G. 3. Deviation of predicted values of u and 4 for O,: (1) for u evaluated with n,; (2) for 4 evaluated
with 7, ; (3) for u evaluated with n,, ; (4) for / evaluated with n,,
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FiG. 4. Deviation of predicted values of u and 4 for H,: (1) for evaluation of u with n, ; (2) for evaluation
of 4 with n,; (3) for evaluation of u with n,;; (4) for evaluation of A with n,,.
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FIG. 5. Deviation of predicted values of  and 4 for He: (1) for u evaluated with n,; (2) for 4 evaluated
with n,.
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FIG. 6. Physical model coordinate system.

Vo dw, dw,
&w, 1dudW, v

= Thdg e T WY

4o d9+ld}.d6
dn? T ddndy

Pr—( LATLAF (19)

with boundary conditions
n=0, W,=0, W,=0, 8=1
W,—-0, 6-0.

(20)
02}

From equations (1)-(4) combined with equation
(14), we have

n-0,

=
T
VTx = [(Tu/ T —DO+1]"* 0, (25)

As a modification for diatomic gases, air and water
vapour, n, and n; can be replaced by n,; from equa-
tion (7).

4. HEAT TRANSFER ANALYSIS
The local heat transfer rate per unit area from the
surface of the plate to the gas can be calculated by
Fourier’s law as

LT
g« I
or
, dé
g = — .'w(Tw_Tao)('Aler.ac)l/‘x—l-’ (26)
dnly-o
The local Nusselt number, defined as
L LN S
N = =TT =T

Y 33:7-8
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will be
- _ba 440
Nux,t - / (AG x.ao) d'] o (27)
From equation (2), we have
1 yedo
Nux.co = _(Tw/Tm)"‘(der,m) " (28)
d” n=0

It is obvious that the velocity and temperature fields
can be solved from the governing ordinary differential
equations (17)-(19) with boundary conditions, equa-
tions (20) and (21), combined with equations (22)-
(25), and so we can obtain the Nu,, value from
equation (28). It is expected that, for the case of con-
stant properties, the dimensionless velocity field W,
and the dimensionless temperature field 8 will be func-
tions of Pr only, but for the case of variable properties,
both the dimensionless velocity field and the dimen-
sionless temperature field will depend not only on Pr
but also on n,, n; and (7,,/T,).

The calculations were carried out numerically by
the shooting method of ref. [9]. The typical results for
the velocity and temperature field are plotted in Figs.
7-10. It was found from the numericai calculations
that, even for the diatomic gases, air and water
vapour, the modification with n, and »; replaced by
n, are unnecessary, because the numerical results
obtained either with the actual n, and n, or with the
modified n,; are almost the same.

Using the curve matching method, we have

o —ve(E)T e
Y(Pr) =0.567+0.186 In Pr (30)

m = 0.64n,; +0.36 = 0.35n,4+0.29n,+0.36
for T,/T,, >1 (31)

m=0.76n,;+0.24 = 0.42n, +0.34n,+0.24
for T,/T, < 1. (32)

Hence, equation (28) can be rewritten as

v(Pr) LY
(Gree)' ( ) )
V2 T,

The predicted results of equation (29) are compared
with those of the numerical solution from equations
(17)—(25), as shown in Table 2. The agreement is quite
good.

Nux.x

5. DISCUSSION

For the special case T, /T, — 1, equation (33) can
be simplified to

Nu, . = y(Pr)
3 Jz
This corresponds to the classical solution with
Boussinesq’s approximation in ref. [10].

(Gro)"". (34
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Fi6. 9. Comparison of velocity profiles for free convection of air (Pr = 0.7, n,, = 0.79) with different
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FiG. 10. Comparison of temperature profiles for free convection of air (Pr = 0.7 and n,, = 0.79) with
different T,/ T,

For gases with n, = n, = |, m — | from both equa-
tions (31) and (32), and so the exponent of T,,/T,, in
equation (33), (n,—m), comes to zero. Then,
Nu, . [(Groc)"* will be the same for different
(T./T,) values, and equation (34) holds true.

Introducing

Nu,,, =a,x/4,
and
Grew = gx* (T[T = 1)/v;,
we have

Nux.w = Nux.ao (lcc /A.'w)

(er.w) V4 = (er.:n) ll‘("w/vw) 12

and so

Nu " Nu‘,_\ Tw (n,+|)/2—n‘
Grom)™ ~ (Gre)™ (i:)

or, from equation (33)

P T 1, + 1}/2—-m
Nu,, = YD (er_w)”‘(—“) .
v2 T,

(3%

For the cases of either T, /T, =1 or n,=n; =1,
equation (35) is simplified to the form

Nu, ., = ll/—(—Pl)(er'“,,)”".

V2
The calculated results from equation (36) for
the supposed gases A, B and C agree very well with

(36)

Table 2. Calculated results of — (d6/dn)|,.: (1) the numerical solution of governing equations; (2) from equation (29) with
(31); and (3) from equation (30) with (32)

Ar H, Air N, co 0, Water vapour
Pr =0.622 Pr=0.68 Pr=0.17 Pr=0.71 Pr=0.72 Pr=0733 Pr=1
n, =0.72 n, = 0.68 n, = 0.68 n, = 0.67 n, =071 n,=069 n,=1.04
T./T, n, =073 n, =08 n, =0.81 n; =0.76 n,=083 n, =086 n; = 1.185

3 m 0.1940 0.1974 0.1987 0.2043 0.1973 0.1973 0.1738
(2) 0.1935 0.1975 0.1988 0.2044 0.1975 0.1975 0.1738

5/2 (1) 0.2256 0.2300 0.2316 0.2374 0.2306 0.2307 0.2110
2) 0.2249 0.2300 0.2318 0.2374 0.2308 0.2311 0.2115

2 N 02714 0.2772 0.2794 0.2852 0.2792 0.2796 0.2679
) 0.2703 0.2772 0.2796 0.2850 0.2794 0.2801 0.2689

32 1 0.3438 0.3526 0.3557 0.3609 0.3570 0.3582 0.3651
) 0.3427 0.3527 0.3561 0.3609 0.3575 0.3590 0.3665

5/4 )] 0.3990 0.4105 04144 0.4188 0.4172 0.4193 0.4448
2) 0.3983 0.4109 0.4151 0.4191 0.4179 0.4201 0.4459

3/4 n 0.6035 0.6276 0.6351 0.6336 0.6446 0.6507 0.7775
3) 0.6011 0.6247 0.6333 0.6312 0.6423 0.6479 0.7761

1/2 ()] 0.8344 0.8774 0.8898 0.8776 0.9093 0.9225 1.2181
3) 0.8285 0.8666 0.8786 0.8684 0.8993 0.9098 1.2081

1/3 ) 1.1492 1.2247 1.2448 1.2124 1.2812 1.3075 1.9188
3) 1.1419 1.2022 1.2209 1.1949 1.2591 1.2774 1.8805
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those reported in ref. [1], as shown in Table 3.
Nu, ,/(Gr. ,)"* and Nu_,/(Gr,,)""* for various
gases at different values of T,/ T, have been calculated
according to equations (33)—(36) respectively and are
summarized in Table 4.

6. CONCLUSION
The following points may be concluded from the
discussion.

(1) The method proposed for analysing the laminar
free convection of monoatomic and diatomic gases,
air and water vapour along vertical isothermal flat
plates with considerations of variable fluid properties
can yield reliable results.

(2) The analysis presented here extends the former
ones reported in the literature by Sparrow and Gregg
[1], Brown [2] and Gray and Giogini {3].

(3) The well-known relations, equations (34) and
(36), hold true not only for the case T,,/T,, — | such
that the Boussinesq approximation applies, but also
for the gases withn, = n, = 1.
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EFFET DE LA VARIATION DES PROPRIETES THERMOPHYSIQUES SUR LA
CONVECTION LAMINAIRE NATURELLE DES GAZ

Résumé—La conductivité thermique et la viscosité dynamique sont supposées varier en fonction de la

température absolue suivant une loi puissance simple, la masse volumique est inversement proportionnelle

4 la température absolue pour une pression constante et le nombre de Prandtl est constant. Les équations

de 1a convection laminaire naturelle sont transformées en équations différentielles adimensionnelles par

des hypothéses de similitude. Elles sont résolues par une méthode de tir. Les résultats numériques sont
donnés et discutés.

DER EINFLUSS VARIABLER THERMOPHYSIKALISCHER EIGENSCHAFTEN AUF DIE
LAMINARE FREIE KONVEKTION EINES GASES

Zusammenfassung—Es wird angenommen, daB die Wirmeleitfdhigkeit und die dynamische Viskositét sich

entsprechend einem einfachen Potenzgesetz mit der absoluten Temperatur dndern, die Dichte hingt bei

konstantem Druck umgekehrt proportional von der absoluten Temperatur ab, wihrend die Prandtl-Zahl

konstant ist. Die Grundgleichungen fiir die laminare freie Konvektion eines Gases werden mit Hilfe einer

Ahnlichkeitstransformation in dimensionslose gewShnliche Gleichungen Gberfiihrt. Sie werden mit Hilfe

eines ‘‘shooting”-Verfahrens geldst. Die Ergebnisse der numerischen Berechnung werden zusammen mit
einer eingehenden Diskussion mitgeteilt.

BJIMAHUE NMEPEMEHHBIX TEIMJIO®GHU3UUYECKHX CBOVICTB HA CBOBOJHVIO
KOHBEKLHIO MTPU NTAMHWHAPHOM TEYEHHH TA3A

Amoramms—IIpennonaraercs, 470 TEIUIOPOBONHOCTb H JHHAMHYECKAS BA3IKOCTb 3aBHCAT OT abcomoT-

HO#l TEMIEPaTyphi COrNacHO MPOCTOMY CTENEHHOMY 3aKOHY. [IPHHATO, 4TO NPH MOCTOAHHOM JABICHHH

MUIOTHOCTL 06paTHO mponopuHoHaibHa aGcomoTHOR TemnepaType, a 4nc.10 [IpaHATAs HEe HIMEHACTCS.

Onpenensiomine ypasHeHHA A CBOGOAHOH KOHBEKLUHMM HPH JIAMMHADHOM TEYEHHH ra3a METOAOM

fipeo6pa3oBaHus MOROOHA CBOAATCA X OGLIKHOBCHHEIM Ge3pa3MepHBIM ANpOEPCHUHATLHBM YpaBHe-

HHSM H PEIIaloTCA METOAOM NPHCTpenxH. Hapaay ¢ pe3yabTaTaMu YHCICHHOrO pacyeTa MPHBOAMTCA HX
ReTanbHBIA aHAMH3.



